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Hick's Law

Hick (1952) discovered a logarithmic relation
between the number of options and the reaction
time.
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Shannon and Tsallis entropy

Entropy (Shannon, 1948; Tsallis, 1988)

_ ] = Lep(x) Inp(x), r=1
e = {(1 —Yp(x))/(r=1), r#L
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Extension of Hick's Law

o Is Hick's law purely a matter of reaction?
@ Does Hick’'s law extend to decisions?

@ Can we extend its information theoretic motivation to value tasks?
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Notation

@ X denotes a universe of alternatives.

@ C set of finite subsets of X.

@ Stochastic choice function p: X x € — [0, 1] s.t. for all C € €:
x& C p(x,C) =0and Y ccp(x, C) =1.
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Decision Times

@ 7:C — IRy is a decision time.

@ T represents decision time relation 2~ on C:
e 7(C)>1(D)= Cxr D
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Richness of Outcomes

Richness of Outcomes
The set of alternatives X fulfills richness if for every x € X and every
i € [0,1] there is a countable number of alternatives {y1, y2, ...} such

that p(x, {x, yi}) = p.

June 2024 32/70
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Continuity of Decision Times

Continuity of Decision Times

A stochastic choice function p and decision time T fulfill continuity of
decision times if for all sequences of opportunity sets

(A= {af,..., a8} )20 and A= {a1,...,am}, if p(ak, AK) — p(aj, A) for
allie {1,...,m} and p(a, AK) — 0 forall i€ {m+1,...,n} then
T(AF) — T(A).
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Positivity

Positivity
A decision time T fulfills positivity if for all x,y € X, T({x, y}) > t({x}). J
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Independence of Decision Times

Independence of Decision Times

A stochastic choice function p and decision time T fulfill independence of
decision times if for all C, D, E € € such that (CUD) N E= @ and
p(C, CUE) = p(D, DU E) it holds that

7(C) >t(D)
< T(CUE) >T1(DUE). (1)
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Luce Model of Stochastic Choice

Positivity
For all x,y € X, p(x, {x,y}) > 0.

Independence of Irrelevant Alternatives (l1A)
Forall Ce Candall x,ye C

p(x, {x y})/ply. {x.¥}) = p(x, C)/p(y, C)

Luce (1959)
Positivity and IIA imply existence of v: X — R s.t.

el
0 O = )
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Luce-Hick Model

Luce-Hick Model

A stochastic choice function p: X x € — [0, 1] and a decision time
7:€ —= Ry form a Luce-Hick model if

© p follows the Luce model

@ T(7(C)) = H.(p(+, C)) where T is continuous and strictly monotone.

v
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Luce-Hick Model

Luce-Hick Model

A stochastic choice function p and a decision time T form a Luce-Hick
model if

@ there exists a function v: X — IR such that for all C€ € and x € C,

o €) — 0V

Trecon(y) ™

@ there exists a continuous, strictly monotone function T and r € R4
such that for all C € C,

Tot(C) = ﬁ (1-=Yeecp(x Q") r#1
YoecP(x, CO)Inp(x,C) r=1

and T({x}) = t({y}) = T 1(0) for all x,y € X.
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Luce-Hick Representation

Corollary

Suppose X fulfills richness in outcomes. Then the following statements are
equivalent.

© p and T fulfill Positivity, IIA, Independence of Decision Times, and
Continuity of Decision Times.

@ p and T form a Luce-Hick model.

ukihiko Funaki, Ruohan Ma, Hendrik RommPDecision Times in the Luce Model: An Exper June 2024 39/70



Betweenness

A relation representing decision times does not fulfill betweenness:
@ ar b..
@ does not imply a7 1/2a®1/2b 7 b.

...but betweenness is implied by Independence and Reduction of
Compound Lotteries.
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Notation

Sets in uppercase script, 8

Elements of S in lowercase a, b, c, ...

@ Real numbers r> 0, q.

Real numbers A, p on the interval [0, 1].
0In0=0.
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Procedural Mixture Set

8 is a procedural mixture set if it fulfills for all a, b, c € 8 the following
conditions:

Closure: pa® (1—pu)be 8
Connectedness: 1a® (1 —1)b= 3,
Commutativity: pa® (1 —u)b= (1 —pu)bd ua,

e U l—pu—A
Associativity: (1 —A) [1 Ll b] @ Ac

l—u—A A %
I

:yﬁBﬂ—qﬂ[ T b@l_
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Expected Utility Axioms

Axiom 1: Weak Order

>~ is a complete, transitive relation on 8.

Axiom 2: Continuity

For any a, b, c € 8, the sets {p|pa® (1 — u)b 2 c} and
{p|cZ ua® (1 — )b} are closed.

Axiom 3: Independence
Ifa,d,be8 pe(0,1)thenarz d < puad® (1 —pu)bzuad & (1—pu)b.

V.
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Theorem 1 (Rommeswinkel, Procedural Mixture Sets)

The relation - on the procedural mixture set 8 fulfills Axioms 1-3 if and
only if there exists a continuous, real valued representation U: 8 — R
such that,

Upaed (1 —p)b) =p"U(a) + (1 — u)"U(b) + q- He(pt, 1 — 1)
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Key features

@ Relative attractiveness of options needs to be manipulable
o |Cl=4

@ Time pressure

@ Many incentivized choices

ukihiko Funaki, Ruohan Ma, Hendrik RommPDecision Times in the Luce Model: An Exper June 2024 46 /70



Decreasing Likelihood of Reception

e Each alternative x starts out with a certain probability g(x) of
actually receiving the good/payoff/etc. in case it is chosen.

@ This probability decreases over time for every alternative until decision
is made.

@ Visualized via a central bar that becomes smaller. All items affected
the same way.

@ After 7 seconds, the central bar is empty and all alternatives have
zero probability.
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Choice Domain

@ Amazon electronic gadgets
@ Value between EUR 30 and EUR 50 (JPY 4800 - 8000)
© Gadgets have color options

© Each option is a binary lottery between receiving the good or
receiving nothing.

© Winning probabilities 0.4, 0.5, 0.6, 0.7, 0.8, or 0.9
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Procedures

Experiments conducted at U Konstanz (1+2) and Waseda U (3+4)
@ Recruitment via ORSEE (Konstanz)

Experiment software oTree
Show up fee of 3 EUR in Konstanz
@ Completion fee of 10 EUR in Konstanz, 2000 JPY at Waseda

e Approximately 1/2 chance of winning an item.
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Sessions

@ Pilot 1: 5 subjects, 1300 decisions.

o Gadget colors: black x 2, white x 2, grey, red, blue
@ Pilot 2: 5 subjects, 1400 decisions.

@ Gadget colors: black x 2, white x 2, red x 2, grey
o Pilot 3: 10 subjects, 1200 decisions.

o Gadget colors: black x 2, white x 2, red x 2, grey black x 5, white x 3,
red x 2, green x 3, beige x 4, pink x 2, blue x 6

@ Pilot 4: 10 subjects, 1200 decisions.
o Gadget colors: black x 2, beige x 2, blue x 2, grey, red
@ Subjects finished after 1:30 to 2:00 hours with one exception.
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Empirical Methodology

@ Estimation of choice probabilities from Luce model
@ Choose “best” Tsallis index

@ Separate permutation test for every subject whether entropy of
decision probabilities is rank correlated to decision time.

ukihiko Funaki, Ruohan Ma, Hendrik RommPDecision Times in the Luce Model: An Exper June 2024 52 /70




Functional Form of Luce Utilities

The utility of a lottery depends both on the item x and the probability of

receiving the item, g. g depends in turn on both the item x and the time
at which the decision is made, t.

v(g,x) = u(x)+ Bling

is equivalent to time-invariance of decision probability.
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Luce Model Estimation

Inp(x, €) = BIn(q(x)) + u(x) —In(}_ a(x)? - exp(u(x)))

xeC

where:
@ p(x, C): stochastic choice function
@ g(x): probability of receiving x, if chosen.

@ [3: elasticity wrt. this probability.

@ u(x): subjective utility of receiving x.
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The Challenge

“Zuerst habe ich [mich] auf Kocher und HeiBluftfriteuse fokussiert. Dann
ist das "langweilig” [geworden]. Dann habe ich [mich] auf die hochsten
blauen Balken konzentriert und als das wieder langweilig wurde hab ich
einfach nur gedriickt.” - Subject 1myidkd3
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Luce Model Estimation

P1

Table: MLE Estimation Results Session 1

toothbrush black speaker blue  powerbank white mouse red  kettle grey  airpurifier white airfryer black beta Il rmsq
session  participant
) 0.09 037 0.76 081 0.6 082 127
! imyidkd3 022, 043 o7, o @ (10904 [118 045 32 o 93] {16 05y (00,153 1145529 064
-4.95 55 3.04 7.22 .32 0.87
bdtdh7l 1 47484 032
Sbdtdh [5.74,-429]  [-627, »4 80  [366, 257 [1877, 641 [735, 5 39 [0.76, 0 18] (043, 1.34) 84 03
231 276 160 -4.75 B -0.5 0.65
P8O 580186  [330,-221]  [124,203]  [620,-387] [330, 2 18] [0gs, 0 13]  [03s 100 1 77058 043
196 276 -3.66 -5.99 492 1.2 172
I 1 54463
venSve (o47,151)  [333,220] [433,3.00] [1831, 499 [611, 420  [086 174]  [130, 2.18] 54463 -0.35
) 926 344 -3.60 421 7.94 -6.76 1.97
og019di | 067, .770]  [5.07, 267  [5.26,-284]  [5.89, 3.50] [15.86, -6.96] [-658,-580] [157, 2.45] 141563 032
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Luce Model Estimation - P2

Table: MLE Estimation Results Session 2

mouse red

speaker red  powerbank white powerbank black kettle grey  airpurifier white airfryer black beta I rmsq
session  participant
5.71 151 137 7.02 221 335 5.05
2 duan0r0 1018 633 [0.84, 2.08] [0.63,1.00]  [643,7.77] [163.277]  [284,3.86]  [4.58 558] 805.84 043
2.84 357 073 2.45 1.10 -4.38 3.93
1q98fy 1 .61 -0.42
9BfYew 1236,331)  [1581,-246]  [125,-025]  [2.04,203] [0.70, 149] [-15.99,-3.16]  [3.51, 4.41] 77861 -0
' 5.70 6.62 6.11 4.08 311 341 279
WakdZ8 117 635]  [6.06, 7.31] [5.56,678]  [356,473 [251,378]  [286,4.04]  [247,315] . 109759 051
239 242 -1.87 227 0.19 -155 1.08
ki 1 112472 -051
wozcokt g1, 107 [-287, 201 [-2.26,-1.55]  [-2.67,-1.84] [011,051] [-1.90,-1.21]  [0.80, 1.39] 05
4.67 179 1.89 3.15 3.90 422 5.58
f 38 -
Py ol s 32, 230 [143,232]  [270,360] [347,432] [3.81, 462  [5.16,6.03] 1106238 051
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Luce Model Estimation - P3

Table: MLE Estimation Results Session 3
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Luce Model Estimation - P4

Table:

MLE Estimation Results Session 4

straightiron beige speaker red speaker grey  powerbank blue kettle blue kettle black  blender beige airfryer black beta lln rmsq
session  participant
341 325 308 37 357 403 342 360
4 S2orhl8m 103,403 [2.74,387)  [257,366]  [3.16,438]  [308,417] [352 468 [291,399] [3.20, 4.10] 75763 -0.53
176 850 854 025 264 673 120 438
4 4 0.
6300246 (537 09 759,995  [760,986 071,107  [202,330] [596,780] [035 191 [387,508 o0 031
1.53 2.68 152 1.89 1.45 1.76 129 173
TTighbzz [122,1.02]  [233,304) [1L10,1.86]  [157,224]  [110,1.82] [144,210] [0.96. 1.68] [152, 1.05] L 128537 061
bxnqk8sx [ 2?731 25) 6 3?)',93 8] 5. 92:5;3 0 3 3?82 2 2 732',25 mB 12.55 2 22"85 39 2 83.1; 60] 1ooTarar 044
7.23 11.77 11.37 12.50 5.29 5.86 4.53 4.76
e2lsti2z [632,836]  [10.43, 13.48] [1012, 1305 [1L15 1423] [447,6.24] [5.08,691] [3.44, 553 [419,557 - 0468 032
307 462 368 33 327 362 304 311
Lyycd: 1 1019.4 -0.54
cdsi .69, 3. 17, 5. .27, 4. L 3. 3 .19, 4. R , 3.
hlyyedse ) 60, 3.53 417,520]  [327,421]  [292.381]  [283,379] [319,412] [261,353]  [283, 346 01043 05
222 181 194 244 238 241 341 186
j 4.23 -0,
Jetqlne [1.91, 2.59] [149,220]  [162,230]  [213,286]  [2.07,277] [212,280] [3.08,3.82]  [1.68, 2.06] 1123423 061
134 243 313 068 031 021 351 536
132a9%gv(o10,-075]  [201,207]  [270,372]  [132,-008] [016,083 [076 029 [303, 413 [489,500 - 49913 0.3
Py 186 143 277 425 407 408 092
1 421 -
! -5.13, -3.1 -2.24, - - h - -3.22, -2.. -5.22, - - - .49, 5. , L
lip9bsgb 513,363 [224,-150] [175-108] [322, 232 [522-356] [482 351 (349,505 [0.71, 121] % 030
N 1.88 7.39 6.71 2.54 1.93 250 1.56 234
vivgedss [137.242]  [656.839] [596.7.68]  [208. 312  [136.250] [203 306 [096 211 [206,272) - 0%0%5 039
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Tsallis Entropy Index

Tsallis' q
session  participant
1 Imyidkd3  37.04, (177.86), [0.00, 129.06]
9bdtdh7l 0.00, (0.00), [0.00, 0.00]
128kzk6x 0.00, (0.00), [0.00, 0.02]
Iqugn3ve 039, (0.07), [0.23, 0.50]
0go619di  138.20, (562.24), [0.00, 148.35]
2 dluan0r0 0.16, (0.31), [0.00, 0.37]
1q98fyew 0.00, (0.00), [0.00, 0.00]
wajkdjz8 0.00, (0.00), [0.00, 0.07)
w5zcovkt 0.73, (2.47), [0.00, 39.58]
yhf9pubv 0.00, (0.00), [0.00, 0.05]
3 1385h92t 041, (0.44), [0.05, 2.09]

1dlirdss 13673, (404.83), [0.14, 148.33]
Irvngln7  142.26, (18.40), [95.34, 147.30]

2p3f70f0 0.00, (0.00), [0.00, 0.02]
56yvezka 0.05, (0.21), [0.00, 136.68]
Theggbw2 0.00, (0.00), [0.00, 0.08]
i32uquox 0.00, (0.00), [0.00, 107.36]
Kb4lvexi 0.00, (0.00), [0.00, 0.02]
qugkv 0.15, (0.43), [0.00, 0.37)
vonwpdlr 0,07, (0.16), [0.00, 145.16]
4 52orhi8m  0.08, (0.33), [0.00, 139.05]
6v30024b 0.09, (0.07), [0.01, 0.18]
T7lg0bzz  65.00, (102.47), [0.19, 139.30]
bxnqk85x 0.59, (0.53), [0.28, 51.86]
e21stf2z 0.18, (0.04), [0.10, 0.23]
hlyycdsg 0.00, (0.00), [0.00, 4.59]
jetqlne0  60.34, (349.24), [0.00, 107.13]
132q91gv 0.19, (0.06), [0.10, 0.33]
lip9b8gh 0.00, (0.01), [0.00, 0.11]
viyge35s 0.58, (0.62), [0.25, 73.87]
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Permutation Test Methodology

@ Permutation test:

@ Test Statistic: Spearman'’s rho
@ p-values:

» Randomly permute decision times

» Choose entropy index to maximize rank correlation

» Calculate rank correlation

» Repeat 10 000 times to obtain distribution of test statistic under null
hypothesis
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Spearman Rank Correlation Entropy - Decision Time

Shannon model ~ Shannon p-value Tsallis model  Tsallis p-value

session  participant

1 1myidkd3 0.07 001 008 0.000
9bdtdh7l 017 000 034 0.000
128kzk6x 0.07 001 014 0.000
lqugn3ve 0.38 0.00 0.40 0.000
0go619di 0.69 0.00 070 0.000

2 dluan0r0 0.37 0.00 039 0.000
1q98fyew 018 000 024 0.000
w3jkdjz8 020 000 024 0.000
whzcovkt 0.20 000 020 0.000
yhf9pvby 027 000 032 0.000

3 1385h02t 017 000 0.17 0.000
1d1irdss 0.43 0.00 043 0.000
1rvnqln7 0.19 000 025 0.000
2p3f7of9 0.65 000 072 0.000
S6yvezka 013 0.00 0.5 0.000
Theggbw2 0.45 000 052 0.000
i32uquox 0.10 0.00 0.0 0.000
k64lvexi 0.36 0.00 050 0.000
qubrgkv 027 0.00 029 0.000
vonwpdlr 0.26 000 027 0.000

4 52orhigm 0.08 002 0.08 0.000
6v30024b 0.48 0.00 056 0.000
771g0bzz 0.05 0.08 008 0.000
bxnqkB5x 0.47 0.00 047 0.000
e21stf2z 0.51 0.00 057 0.000
hlyycdsg 0.10 000 0.13 0.000
jetqlned 0.05 0.08 0.08 0.000
132q91gv 0.40 0.00 0.44 0.000
lip9bgh 0.61 000 064 0.000
viyge3ss 045 0.00 0.46 0.000
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Empirical Literature

Diffusion Drift Model: (Drugowitsch et al., 2012; Ratcliff, 1978;
Ratcliff & McKoon, 2008),

e Consumption choices: (Ashby et al., 2016; Clithero, 2018; Krajbich &
Rangel, 2011; Krajbich et al., 2012; Reutskaja et al., 2011)

Electric household items: Krajbich et al. (2012)

Hick's Law: (Brainard et al., 1962; Hick, 1952; Hyman, 1953;
Kornblum, 1969)
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Conclusions

@ Extension of Hick's law to entropy of endogeneous choice
probabilities.

Entropy of choice probabilities highly predictive of decision times

Hick's law naturally extends to choice probabilities from the Luce

model but entropy index somewhat arbitrary.

Much less data than 1200 decisions would be needed.

What induces greater variance of decision time at higher entropy?
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